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Perturbation Theory for Degenerate States
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Perturbation Theory for Degenerate States: Examples
Excited States of Helium Atom

Z2 (1 1 e
Unperturbed energy of He atom  EY = -5 (@ + ?) au n=2
1 2

Electronic configuration for the ground state: 1s? — n

I
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Electronic configuration for the excited states: 1s'2s!, 1s' 2p,!, 1s'2p, !, 1s' 2p,!, ....

Unperturbed wave functions for the excited states:

Is 2s 2p, 2p, 2p.
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Perturbation Theory for Degenerate States: Examples

1s 2s 2p, 2p, 2p.
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Perturbation Theory for Degenerate States: Examples

Is 2s 2p, 2p, 2p.

Excited States of Helium Atom I
Energy integral evaluation 0 i 1 5
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Perturbation Theory for Degenerate States: Examples
Excited States of Helium Atom
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Perturbation Theory for Degenerate States: Examples
Excited States of Helium Atom
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Perturbation Theory for Degenerate States: Examples
Excited States of Helium Atom

Spin Correlation

2-electron spin functions

1 I o
PO — 5 (V9 — 9 = \g(ls(l)Qs(z) — 25(1)1s(2)) 5152
Anti-symmetric wrt exchange 2_1/2(0{152 4+ 510{2)
@g_o) — % (V) 4+ 13) = \/2(15(1)25(2) + 25(1)1s(2)) s
| Symmetric wrt exchange 2" / (051/82 o /81052)
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Perturbation Theory for Degenerate States: Examples
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Antisymmetric wavefunction

Excited States of He atom

1s(1) 2s(1)




Slater Determinant as Wavefunction
3 electronic system

f g h
1 2 3
1 3 2
b1 = f(1)g(2)h(3) S
3 1 2
3 2 1

W = 7?12% = f(2)g(1)h(3)
U3 = Pzt = f(3)g(2)h(1)
Yu=Posthr = F1)gBIA2) -y — 7?127#3 = f(3)g(1)h(2)

Vs = Piats = f(2)g(3)h(1)

v Indistinguishability
C5 w5 C6 wﬁ Antisymmetrice




Slater Determinant as wave function U1 = f(1)g(2)h(3)

3 e|eCTI’OﬂIC SYSTem Wy = 7%12% _ f(2)g(1)h(3)
U3 =Pzt = [(3)g(2)h(1)

O =c1 (Y1 — Y2 — Y3 — Yot hs +ahg) TS

Vs = 7?12% = f(3)g(1)h(2)
Ve = Praths = f(2)g(3)h(1)

Normalization
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Slater Determinant as wave function

3 electronic system

¢ =+/1/6 (1 —

Slater determinant

1) g1 A

(b —_
V6 [1(3) ¢(3) h(3)

— by + s + 1)

U1 =

(2
s

g =

(5
e

F(Dg(2)h(3)

= 7?12% =
= Pzt =
Pazthy =

= 7%12% =
= Piay =

» Row -> Electron; Column -> spinorbital

* Anfisymmetric with respect to electron exchange

« Obeys Pauli’s exclusion principle

(1) g(2) n(3)

F(2)g(1)h(3)
F(3)g(2)h(1)
F(D)g(3)h(2)

F3)g(1)h(2)
f(2)g(3)h(1)



For N-electron System

w’i (7“) an orbital ; a spatial orbital

/w dT — (533 Orthonormality of the spatial orbitals

{wz} Complete set of orthonormal spatial orbitals {¢%‘Z — la 2) T K}

a(w), 5(&)) One-electron spin functions

X(z) = ¥i(r)a(w)
= ;(r)B(w)

spinorbitals



Spinorbitals
X(ZU) - w?;(?")Of “ spinorbitals
= (1) B(w
{i=1,2,--- K} {xilt=1,2,--- 2K}
orbitals spinorbitals

[ X do =1,

XQE(:E) — % (T)B(w) — % (ZIJ) Orthonormality of the spinorbitals

NPTEL
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Waveftunction in terms of Spinorbitals (as Hartree Product)

X )= E
H=Y h vo R
‘ (1,2, N) = xi(1)x;(2) - xx(N)  Harfree Product

hix;(1) = €;x;(1) e
e e te

vap = ¥(1,2,- - N) = xi(1)x;(2) - - - x(V)
Yup|” deyday - - - dey = |xi(1)Pdey |x;(2))7dzs - - - [xk(N)|* day

« Uncorrelated/Independent-electron wavefunction

« Does NOT satisfy indistinguishability of identical parficles
« Does NOT satisfy antisymmetry principle



Wavefunction in terms of Slater determinant

N electronic system v indistinguishability of identical particles

v=—=xi(1) x;(2) -+ xu(N)] v saftisfies antisymmetry principle
v’ satisfies Pauli’s exclusion principle

xi(1) Uncorrelated wavefunction (¢)




Electron correlation in Slater determinants

« Hartree Products are uncorrelated/independent-electron wavefunctions

Consider a 2 e system xi) = [Yala) = Iii)
X5 = [¥1B) = [y)
)i xi| = (1/v2) (a(D)x;(2) = xa(2)x;(1))
(W|W) = 2 (@)
— 5 L@@ ()
~ 5 @M (@)

+ 2 (6@ @)

T(1,2) = (1/V2)




Electron correlation in a Slater determinant ) = [l = [
(W) X5) = [eadla) = i) bay=te8)y =t
= 5 e Mu@IM@) = (605 EH0TE > =%wnwiu»<@(1>|a(1>><wj<2>%-(2» (3213 (2)
—%<X@.(1)Xj(2) xi(2)x;(1)) —%(w 0y (2) (2 > —%W( ;) {a(1)[B)){5(2)1:(2)) (5(2)
—%(xi@)xj(l) Xi(1)x;(2)) —%@ b (D] (1 > _%<¢j(1)w’i(l))<6(1)|O‘5(1)><wi(2)|wj(2)><O‘(2)

+2 D@ W@ () + 2 (BT D )0, ) §< (Dl (0) (BOIBL) (2)[4(2)) (a(2)

W (1,2)|* dridry = % (I ()P[0 (2) 17 + [s(2) P[5 (1)|?) dradr
= (1) ]*|:(2)]* dridre - (¥ =1;)  « uncorrelated electrons

* Motion of two opposite spin electrons is uncorrelated, but moftion of
electrons with parallel spins is correlated (exchange correlation).




Orthonormality of Slater determinants

b ) () oy oy
=5l ul= 59 V) = 5 @ - x@ )

S ) )| L )
=5 bl = 5[ V) = 75 tu@ - @)

(i) = 5 O @Da(Dxa(2)) 0 6, (ald)
] = 0ir0j1 — 0i10jk
5 WG @Da@al)) 00 0 = 1 i=kj=1= =
1 =—1 1=l =k= 1Y =—1
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Wavefunction in terms of Slater determinant
N-electron system

i) (1) oo xaw(1) R o
i(2 j e X + Row -> Electron
‘(I)>: \/% X ( ) X (2) X (2) « Column -> spinorbital
Xi(N) x;(N) Xi(N)

v' indistinguishability of identical particles
v’ satisfies antisymmetry principle
v’ satisfies Pauli's exclusion principle

v’ electron correlation (for same-spin electrons)

v’ Slater determinants that have different (orthonormal) spinorbitals
occupied, are orthogonal.




Expectation Value with Slater Determinant Wavefunctions

Hamiltonian of an N-electron molecule
N
Z A 1
H -
1>
N N 1
— h; .
; " Z Tij

1>

=01 + Oy
N-electron Slater determinant in terms of orthonormal spinorbitals

D) = [x1(1) x2(2) -+ xa(@) X6(5) = Xn (V)
Energy expectation value:
<1>> + <<I> <1>>
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Expectation Value with Slater Determinant Wavefunctions

(o]f1|@) = (®|0)| @) + (@|0,| @)

Consider a 2-e system

C;jl:ili_l_flja Oy = —

'r?;j

P

H

~
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O,

2 electron Slater determinant

D — % (rali)0(7) — X0 (0)xa ()



Expectation Value with Slater Determinant Wavefunctions

expectation value of one-electron operators d = % (xa())x5(5) = x6(1)xa(5))

<(I) j}"’ (I)> 1 . 1 N . . .
= 2 (o) [ xain@) = 5 (a0 b @) (6l xe))
— % <Xa(z')><b(j) hi Xa(])Xb(i)> —%(xa(é) hi xb(i)><xb(j)\xa(j)>
= L et [ a6 = 5 () ] o)) )
4 % (xal)0(0) ] X0 ‘|—%<Xb(i) hil X0(3) ) Oxal) e 9))




Expectation Value with Slater Determinant Wavefunctions

expectation value of one-electron operators & — 1 (xa()X6(7) — xo(7) xa(7))

V2

01 = bt iy
(1) = 5 (xa) [bu] xalD)) + 5 () | 00

(aliy]2) = - {xa(i)

expectation value:

>




Expectation Value with Slater Determinant Woveﬁuncﬂons
expectation value of two-electron operators = =75 (aldxold) = X (i)xalh)

(2] #) =5 Cunt) |- i) + 5 (oiui) |- win))
= 5 () |- i) ) = 5 (0000) |- o))
= (el00) - @06 ) = (G@u) | win) )

Coulomb integral and
Exchange integral

<1>> =) (ablab) — {ablba) =) (ab]|ab)

a>b a>b

= (ablab) — (ab|ba) = (ab||ab)

expectation
_ 1
value of 2 ) E : =
electron T
operators i>j
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Expectation Value with Slater Determinant Wavefunctions

N
. V? Z A
i-y(-3-x 2 .y
For two-electron operators

p TiA
N A
h -
Z er <<I> Z_ <I>> Z(ab|ab {ablba) = Z (abl|ab
>b

1>7
1> a>b

For one-electron operators

+ZN:E <<I> Zh <I>>Z<a

1>

hy

Energy Expectation Value

<<I> <I>>:Z<a h

a

A

H

a> + " (ablab) — (ablba)

Core Energy + Coulomb energy + Exchange Energy




Expectation Value with Slater Determinant Wavefunctions
Spin Integration: From spinorbitals to spatial orbitals

<<I> H <I>> — Z<a h; a,> —I—Z(ab\ab) — (ablba)  interms of spinorbitals
a a>b
{Wi}t o B Xt .

5 9 10 (I) — &2 24 PP

; ) P) mlxl X2 XN

: 3 4 B) = —— |y Tr s Do+ Ungo e

7 3 4 = —— V1 Y1 Y2 Y2 - YN/2 WN/2

1 1 2 V N'!

N/2 N/2

N
ZXG :Zwa_l_Z%



Expectation Value with Slater Determinant Wavefunctions
Spin Integration: From spinorbitals to spatial orbitals

<<1> <1>> = <a s a> + 5 (ablab) — (ablba)

a N
i Xa = Vo + %
expectation value of one-electron operators (in terms of spatial orbitals) 2@: Za: Za:

~

H

N ) N/2 A N2
S ol £ )+ £
N/2

hi

=23 (Vo V)

2 (ta |

$a) =0




Expectation Value with Slater Determinant Wavefunctions
Spin Integration: From spinorbitals to spatial orbitals

~

<<1> i <1>> = <a h, a> " (ablab) — (ablba)
a a>b N N/2 N2
expectation value of two- elec’rron opero’rors (in terms of spatial orbitals) ZXa - Z% T Z%
N . . o
Z (ablab) — (ab|ba) = ZZ (ab||ab)
a>b
N N N N N/2 B N/2 B
PN xaXe =Y Xad Xo = (Vat+ ) (U + 1)
a b a b a b

N/2 N/2

=N Wathy + Yty + Vathy + Vathy)
a b




Expectation Value with Slater Determinant Wavefunctions
Spin Integration: From spinorbitals to spatial orbitals

<<1> i <1>> — Z<a h, a> " (ablab) — (ablba)

a a>b N/2 N/2
expectation value of ftwo-electron operators (in terms of spatial orbi’rals)

Zx —Zw +Zw
N/2 N/2
1 NN ZZXXb Zzw¢b+w¢b+¢%—l—w%
—Yi<abllab> =5
N/2 N/2

_ - T Y (Wat [aths)+ (Palol [92at) +(Patop] [athp) +(Gathol [Paths)

N/2 N/2

— Z Z (%%H%%) T (%%Il%%>




Expectation Value with Slater Determinant Wavefunctions
Spin Integration: From spinorbitals to spatial orbitals

<<1>‘1;r‘ <1>> — Z<a h, a> 3" (ablab) — (ablba)

a a>b

expectation value of two-electron operators (in terms of spatial orbitals)
N/2 N/2

%ii:: (ab||ab) = Z Xb: (Watu| [Wathn) + (Vatbo||0atly)

(Yatu| [Yatin) = (Ya(0)a(0)p(5)(G) 11/ 135100 (2) (@) hp () x(5))

— (Ya()a(@)s(7)a()|1/7ij|%a(5) (g )1hp(1) (7))
(

%(%)%(J)Il/%l%(') (7))
¥n(i))



Expectation Value with Slater Determinant Wavefunctions
Spin Integration: From spinorbitals to spatial orbitals

<<1>‘1;r‘ <1>> — Z<a h, a> 3" (ablab) — (ablba)

a a>b

expectation value of two-electron operators (in terms of spatial orbitals)
N/2 N/2

%ii(abllaw—;ijwawbllwawm<wa%rrwa%
1)) yu(3) B/ Tij[Ya(d)a(i)n(5)8(1))
z)a(z)wb( B/ ris1a(3)a(5) (1) 5(2))
I/rij|%a(0)10(5))

>
(athsl[ath) = (o




Expectation Value with Slater Determinant Wavefunctions
Spin Integration: From spinorbitals to spatial orbitals

<<1> <1>> — Z<a h, a> " (ablab) — (ablba)

a a>b N N/2 N/2
expectation value of two-electron operators (in terms of spatial orbitals) Z Xa = Z Vo + Z%
Summdry: N/2 N/2 a a a

N N
%ZZ ab||ab ZZ wa,lbbnwawb +<¢awb||waWb>
a b

Il

H

1 N N N/2 N/2
§ZZ (ab||ab) = ZZ ablab) — (ablba) + (ablab)
a b
N/2 N/2

:ZZQJab—K
a b



Expectation Value with Slater Determinant Wavefunctions
Spin Integration: From spinorbitals to spatial orbitals

<(I) > > > ablab ablba>spinorbi’rols

N

6) =3 (.

a

A

H

N/2 N/2 N/2 spatial orbitals
=2% (alhla)+) ) 2(ablab) — (ab|ba)
a a b
N/2 N/2 N/2

=2 haat Y Y 2Ju— K
a a b

Core Energy + Coulomb energy + Exchange Energy



Expectation Value with Slater Determinant Wavefunctions
(classical) Interpretation of determinantal energy

« An electron in a spatial orbital (a) contributes h,, as core energy

« Each unique pair of electrons in spatial orbitals (a and b) contribute J_, as Coulomb
energy

« Each unique pair of electrons with parallel spin in spatial orbitals (a and b)
confribute -K_,, as exchange energy

R S S £ 1 1
hll + h22 + J12 — Klg 2hi1 + Ji 2h22 + Jgg 2h1y + 2hoy +

hi1 + hoo + Ji2 4J19 4+ 2K 19






